
§ Line Integral
scalar function Hds vector Field JOÉ.DE

Interpretation Mass ofwirecw/ density 8¥ Work of Éalmgc ¥,
Ri :É=lpQ>Computation via parametrization fids -_ fatter.tw/ddIt.1dtf,F.dF--f!FT-u.ddI-udt--fcPdx+QdYC:rT-4.a≤t≤ b

Fundamental -1hm of calculus aid
. Lf F- of gradient field

for line integral fc0f•dr→=fcP, ) - ftp.t

Pi

%
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Example 1 :É=-Yi+×j= c-g. ×> . g;¥
"

• >

4 :Ñt4=Lt , -15, F-1-9,117=1--1:-b ↓→→É
1 Fie , Fit,

⇒ IF.DE/oc--ii-iH1.I-Ddt=fi-idt='-sG:Ft4--Lt.t7.F--tt.t.faF-dF--lift
,
-1711.1 > d-1=0

. ;

Example 2 : F'=Yi^+xj^=<9.x> = of . f=xy .

to ,Édr→=HÉ. -1>11,2-1>dt=1
.

↳ E. dñ -1kt,t>.<i. Ddt-1
" " '

-111.11 - f-10,01=1 .



Equivalent Properties :
F' vector field on R

111 F' is Conservative : & F. dF=0 f- closed curve Ca
°

.É "

⇔ F is path - independence : fc, F-dr-i-fc.LI?dr--VG,GcDpoCiw/sameendpointsl31T----of gradient field
.

Pf : (1) ⇔ Cu trivial
(2) ⇐ 121 i.EE#dkwL:fyf.dF--fcPi-lPo )

for line integrals
a) ⇒ (3) : Find potential using line integrals .



r

Suppose # ttkindep.

on a connected domains - B
"

Define fcxt-fq.it?dFforaycurveCp.x "">•
*;ne;

•pµ, pay,,µp . /,,÷,µ%,,,
• Path indep ⇒ f well-defined
• To prove IFEÉ : Ft4=Ñ+tei

¥*h=limf*hñ ) -f'" =/imt.FI?dr---lim-hffFTxi-teii.Iidth-oh
h→ Gxixihei. h→

Fund -1hm of calculus
TÉÉ

= Fitxl ☐



also SUFFICIENT condition in

Example : Find potential of F:-(4×2+8×9 , 39+4×7 .

↓ Many cases

Note : If E- LP . =Pf=fy > , then NECESSARY condition : Py=Q× E) f×y=fy✗
Two Methods

:

1) Antiderirative :
Want to solve { -1×-11×+8×4 111

Anti derivative w.ve
. × fy = 3%+4×2 (2)

d) ⇒↓ -1=45×3+4×29 + gcy)_ ← integration
"

constant
"

: indepofx .

Henie fy=6ñ+g'cy , then (a) ⇒ gig)=3y2 ⇒ 941=93+1 const
.

Plug bake . f-=%x44xY+y3+C .



• fxih )
2) Computing line integral .

& ^

a

DÑ = f-Haifa) - flag ⇒ fix . ,y,)=dr→+f on,, %
," % Hiii "

On G
: f¥dF= 1. Pdx + Qdy = 1%4×2+8 dx = § xp

0 9--0

On G : f.F.dF=fPQdy = 1%35+4%9,1=93+4×191 ? = yitltxiy ,

Cz 0

⇒ fix , g) = 1%+1-1%1=4-3×3 -113+4×9+0



§ Green's Thin

from now on
.
I:-< P . Q> field in 2- dim region raki

☆Green's Theorem : If C is a LinkedIn enclosing a region R
( no self- intersection )TÉ=FÉ.tn field definedeIHʰʰ C

then §cPdx+Qdy = x
- Py DA

" "
"I

§cÉdr→ = ftp.lurlFDA



Pf of Green's thin :D We'll prove §, Pdx = %- Pyatt (specialcakQ=I

Similarly . Kody = Dr Q×dA (specialise)

summing . get Green 's thin
21 Decomposer into simpler region .

4- we prove dx = ftp.i-pydA

then §o=§a+§a= Drifts
.

-11s :

cut R into
"

vertically simple region
"

:
a< ✗< b

*"g. f.* .

!!;



^ ¥.
4=1-4×1

3) ✗ =✗,y=fi✗ , )dx
a i ;fµ,

'

a

"
'

bfapdx =/a,Pdx=0

f↳Pd✗=tiPAy=f.cn/dx=fabpcx.fxxndx
① ①

⇒ focpdx-tabplx.fi#)-Ptx.fixJdx >

a

• RHS : 1-PydA= -
""" ¥ydy!×a' A)

" i

g- fix,

pcx.yi-PH.fixi-PH.fm . ☐

4--171×1



^

Iet : F-<ye? Ini- e-
×

>
f

C = circle of radius 1 Centered at 12.0) I'm >

Green's thin ⇒ §cF?dr→=%curlFdA = +e-
×

) - e-
✗

DA = ✗ dAn=2E
• Find Arealm = AuµÉ§¥dr→ Ext : Find area of

"

propeller
"

enclosed by Ftu -1-1--6,2-13-2¥ >
Possible# :

6.x>
, s-y.co> .

c- ¥
,
? > C- I≤ t≤1)

⇒ Area(b) = fqxdy = & -yd×=£§yd×+×dy
Area =L Area04=2/0 xdy
= 2-ff-k-il.ci- lot"1dt
= to

☐



Def : A region r is called simply - connected if theinterior of any closed curve in R
is also contained in r

.

"

no holes
"

"

%.

Simply - Connected Not simply - Connected

Ihmi. Suppose # =L P . Q> smooth field onR.simplybnnected-FAE.lt) F is fedie 121¥ is pathindepm
(3)

.

# conservative (4) Curl# = ◦ ⇔ Qx - py=o
(4) ⇒ (3) : Green's Thm

.



What if R hot simply - connected ? leg .
É not defined everywhere inside ( ? )

Ex : I' = G- ¥+7 . ¥y. > not defined at 0 : t.im#1-- •
.

✗if→

• CurlF⇒ ⇒ &F?dr→=o for C
'

hot enclosing 0
^ ④

• However , &F•dr→ Can't use Green directly if Cendseso .

?
In fact . Suppose Cr = trust . Hint > .

C

§¥.dF = E-ˢ ,
0¥ > 2- rsint

.
rust> d-1=2%1--0

.

NOT ConSERVATIVE !



Note
: ftp.dr-s-IF?dF--&aF.dF+fcI.dr-=ffy+sfwrl/F-?dA=o

↳_F2
⇒ KI:dF=2ñ

.

KC enclosing 0

G-reeis-hm-isappoxRGboundedhyc.fi - :(i
( Refined Version)

# smoothly defined in R

Then §F•dr→=HcurlE?dA
EʰgE R

artoriented) boundary ofr


